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One of the principal maneuvers available for proving existence
theorems is to establish that the desired point is where a continuous
real-valued function achieves an extremum on a compact set, If the L
extremum sought is an infimum, then the functional need only be lower J
semicontinuous, We may take as the definition of this term for a
functional ¢ that each set of the form {x : @(x) < ¢} is closed,
The crux of an existence proof along these lines would then be the
definition of an appropriate topolog& in which the functional is lower
semicontinuous and the set compact., This idea is applied here to
several problems involving convex functionals, Applications to
Tchebycheff approximation and to control theory are cited, Several
theorems dealing with the characterization of extremal points are given

as well,

Our terminology follows that of the treatise of Dunford and
Schwartz [1] except that we retain the older terms weak and weak*
topology. The weak topology in a locally convex space E is defined
by saying that a net x, converges to x if and only if (f,xa> - (f,x)
for all feE*, Here E* denotes the space of all continuous linear
functionals on E, The weak* topology in E* is defined by saying that
a net f converges to f if and only if (fa,x) - {£,x) for all

xeE,

51, Theorem, A continuous convex functional defined on an

open convex set in a linear topological space is the supremum

of a family of continuous affine functions,



Proof. let ¢ bve such a functional, G its domain, E the linear

space, and R the reals, In E®R consider the upper graph set of ¢:
K = {(x,\) : xeG, AeR, A > p(x)}.

Since ¢ is upper semicontinuous, K has an intorior; since ¢ is
convex, K is convex; since K 1is lower semicontinuous, K is closed,
By [2, page 72, Corollary], K is the intersection of a family of half

spaces Ha’ say
B = {(x,A) @ £(x) -cr<d]l

where a is from some index set A, We note first that Co > 0, for
in the contrary case, with fixed x and large A, (x,\) will lie in
K but not in Ha' Let A" - {aea : Cq > 0}, and let x be arbitrary
in @, Then the inequality A > ¢@(x) implies the inequalities

fa(x) - ca)\ < da for all aeA+, Conversely, if fa(x) - ca)\ < da for
all aeA” while A< ¢(x), then (x,A) ¢ K and consequently

fB(x) - cak > dB for some PeA, Clearly B¢A+. Thus cs = 0, Hence
fB(x) > dB_ But (x,p(x))eK and so f a contradiction, We

have therefore shown that

(x) <d

p B’

A2 e(x) S fa(X) -c A <d (aer®)

Hence o(x) = sup, c;l[fa(x) - da],l
achA

§2, Definition, The c-level set of a functional ¢ is the

set {x :o(x) <cl,

§3. Lemma. A lower semicontinuous functional defined on a locally

[,
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convex space and having convex level sets is weakly lower

semicontinuous,

{
Proof. Each set M = {x : (x) < ¢} 1is closed and convex, hence by [1, }

page 422, theorem 13) weakly closed, Thus ¢ is weakly lower semicontinuous.l

§l+, Lemma, A convex functional defined on a linear topological

space and having two bounded non-void level sets has all of its

level sets bounded,

Proof, Let ¢ be such a functional. By hypothesis there exists a
number a such that the set S = {x : @(x) < al is bounded and non-void
and contains a point x = with cp(xo) <a, Let b=a- (p(xo). The
functional &(x) = ¢l(x) - cp(xo) is convex and satisfies @(xo) = 0,
Furthermore S = {x s 8(x) < b}, Let M be an arbitrary level set of

$, say M= {x + 8(x) <c}, If c<b then MCS and M is bounded.

If ¢>b then 0< %< 1, Hence for arbitrary xeM,

b ) b
§(cx+ S xo)SCQ(x)Sb

Thus the point %x + 9—;—b o lies in S8, and x lies in a set of the

form )\xo+p.S, with A and §p independent of x,l

Remark, It was pointed out by R, T. Rockafellar that the conclusion
requires only one bounded non-void level set in a finite-dimensional
setting, An example due to him showing the necessity of two bounded level
sets in general is an follows: In 22 et o(x) = 2(%)2. Then

{x : o(x) < 0} = {0}, but {x : p(x) < 1} contains, for each n, the




point (O,.,,,O,n,O,...) having n for its nth coordinate,

§5, Definition, Given a real-valued function ¢ defined on

a set M, the o-topology of M has for a subbase all sets

of the form M, = {x : @(x) >c}.

§6, Theorem, ¢ achieves its infimum on M if and only if

M is compact in the ¢-~topology.

Proof, Evidently ¢ is lower semicontinuous in the ¢p-topology. Hence
if M 1is compact ¢ will achieve its infimum, For the converse, suppose
that ¢ achieves its infimum 3 at xo.. We show M compact, By
Alexander's theorem [3, page 139] it suffices to show that any cover by
subbase elements has a finite subcover, Suppose then that M C U{Ml : Aeh}
where A 1is a set of reals, We will be finished if there is a )\oeA
such that ko <u, for the MC M)\ . If no such Xo exists then

o

A >4 for all AeA, But then cp(xo) >un, a contradiction.l

§7, Existence Theorem, Let E be a reflexive Banach Space, o

a lower semicontinuous functional on E having bounded convex
level sets, and K a closed convex set in E, Then ¢ achieves

its infimum on K,

Proof. By §3, ¢ is weakly lower semicontinuous, By [1, page 422,
theorem 13] K is weakly closed, Thus the set M = {x : xeK, q)(x) < c}
is bounded and weakly closed, By [1, page 425, Corollary 8], M is

weakly compact., Hence ¢ achieves its infimum on K,I

SRR UG



58. Theorem, Let there be given two convex functionalsdefined
on the conjugate of a normal linear space BE:
() = sup {£(x) - M)}, ¥(£) = sup {£(y) - n(y)}
xeX yeY
where X and Y are subsets of E and A and u are

functionals on X and Y  respectively, If for some c, > infe

1l

and ¢, > inf{§ the c, -level set of ¢ and the c,-level set
of ¢ have a bounded non-void intersection, then each functional

achieves its infimum on each non-void level set of the other,

Proof. A set of the form {f : f(x) - A(x) < c}, with x fixed in
E, is closed in the weak® topology. Each level set of ¢, being an
intersection of such sets, is weak* closed, Similarly for ¥, This
proves that ¢ and ¢ are weak® lower semicontinuous, Now suppose that

the set of f satisfying o(f) <c. and ¥(f) < ¢, is non-void and

1 2

bounded, This set is the same as the set of f for which

max {tp(f) = Cp» y(£) - 02} < 0, and the latter is therefore bounded,
; > s

Since ¢y infe¢ and c,

set max {o(f) - 1 y(f) - cZ} < - ¢ is also bounded and non-void, By

> inf§, there is an ¢ > O such that the

§4 the set of f for which max {@(£) - c), ¥(£) - c,} <c is also

bounded for any ¢, If c3 < cl + ¢ and cl+ < 5 + ¢ then the set of

f for which o(f) < c, and ¢(f) < ¢y is bounded, This set, then, is

3

weak* closed and bounded, hence weak* compact, Hence ¢ and ¥ achieve

their infima there l



Remark, In order that the functional ¢ achieve its infimum on

E* it is sufficient that one level set of ¢ be bounded and non-void,

We provide next some examples which illustrate how existence may

fail for extremal problems,

e

§9, Example, In 2P with p>1 define X ={6" :n = 1,2,...}
where &" = (0,,.,,0,1,0,...). Define A on X by putting A(6D) =
-1/q -1 -1 . . . .

n , where g ~ +p =1, If f is a continuous linear functional
on 4P then f£(x) = L @ X where aet?, The functional A does not

possess a best Tchebycheff approximation in lq, Indeed, for the

particular sequence

n-l/ q

n<N
G.n=
0 n>N
we get o(f) = sup |£(x) - AM(x)]| = sup Ian - n_l/ql = N-l/q, Thus

xeX n
inf @(f) = O, But to attain ¢(f) = O we would have to have @ =
£

n_l/q
for all n, and then a‘lq, In this example, the origin does not lie
in the relative interior of the convex closure of XU ~ X, so that the

hypothesis of §16 below is not satisfied,

510l Example, In the space Ll[O,l] define the linear functional
glx) = Il tx(t)dt, The hyperplane {x : g(x) = 1} has no point closest
to the grigin, for in order to minimize flx(t)ldt while maintaining
g(x) = 1, the total area under the x-curve would have to be piled up at
the point 1. In §14 below a simple sufficient condition is given in order

that a linear manifold shall contain a point closest to the origin,




§11, Example, Comsider a Markoff system in C[0,1] which is :
not fundamental, For example {xzn}. Let M denote the closed linear
manifold spanned by these functions, No point outside M has a closest E |
point in M, for by the Tchebycheff alternation theorem the error curve for
such an approximation would have to alternate an infinite number of times §

between +¢ and -€¢, which is not possible,

§12, Example, In 22 let X denote the Hilbert ''cube," i.e,, the ,

set of points x such that Ixnl < 1/n for all n, On X define A

®
by A(x) = T xn/JE-, The series is absolutely convergent because the series
n=1
T n—B‘/2 converges, Let o(f) = sup [f(x) - A(x)|. By taking f to be a
xeX
sequence
1/w/n ng<N
a =
" 0 n>N
*n -2/2
We get o(f) = sup ; | E =< T n"”", Thus inf @(f) = 0. But
Ix | <% ©NVn >N £
it is not possible to achieve @(f) = O, Indeed, if £ = (al,_..) then
clearly a £ L for some n, Takethen X = % 6n to show [f(x) - A(x)]| =
n
ila - 1) >0, As in the example of §9, the hypothesis of §16 is violated,
o %n p ’
n

§13, Example. In any Banach space E of infinite dimension, let
{xn] be a linearly independent sequence of vectors with || xn|| } 0. Put
X = {xn} U {0}. Then X is compact, Define X(xn) = VWFE;WT and
A0) = 0, Then A possesses no test Tchebycheff approximation from E*,

Indeed, for fixed N, if we put f(xn) = A(xn) for n< N and f(xn) =0

for n> N then f may be extended linearly to an element of E*, But

o(f) = sup [f(x) - AM(x)]| = ||xN|l. Hence inf @(f) = O, But

xeX fek*



if ¢(f°) = 0 for some fo then fo = A on X, and then fo is
12

unbounded since fo(xn/” xn”) =‘“ xn = ®, As in the example of §9

the hypothesis of §16 is violated,

514, Theorem, Let E be a normed linear space and M a weak*

closed subset of E*, Then M contains a point of minimum norm,

Proof. The sets {f : || £ || < c} are weak* compact by [1, page L2k,
theorem 2], Hence the norm in E* is weak* lower semicontinuous, Since
M is weak*® closed, each set f{feM : || f || <c} is weak* compact, and

hence || £]| achieves its infimum,l

515, Example, As an illustration of an extremum being achieved we
consider a problem of automatic control, There is given a system of
linear differential equations

n n
(1) :'ci(t) = jfl A8 x,(8) + T OB (8) ue) 4oy (8)  (4=1,...,0)

J=1
or

x = Ax + Bu + C

in which A and B are nXn matrices depending continuously on te[0,1],
and x(t), u(t), and c(t) are n-vectors, It is assumed that c(t) is
continuous, The control problem consists in finding a control u(t) such
that the differential equations above, with prescribed initial and terminal
values x(0) and x(1), will have a solution x(t), and such that under

this restriction the integral



9
1

2) 03 + oo+ w201 %20

will be minimized, Since we wish to permit the uy to be generalized
functions, it is more convenient to rephrase the problem after first
passing to the explicit solution of the initial value problem., To this
end, let Z(t) be the matrix of fundamental solutions of (1) such that

2(0) is the identity matrix, Then the initial value problem has the

solution
n_ tn 1
x, (t) = jfl.-.ijm{xj(m + g I Fhc Byl wls) + o, (5)1ds}
or
b 1
x(t) = Z(){x(0) + [ Z™" (s)[B(s) u(s) + c(s)lds}
0

Let uj(s)ds = dvj(s). The condition that the prescribed terminal values
xj(l) be achieved is that

o1
(3) ‘r 27" (s)B(s)dv(s) = a

(o]

where a is a numerical n-tuple given by

1
a = 22 x(1) - [ Z7 (6) cls)as,
(0]

Now let § denote the n-fold direct sum of C[0,1], An element of ér
may be identified with an n-tuple (vl,.., ,vn) where each v is a

function of bounded variation on [0,1], For v = (vl,... ,vn)eﬂ‘ and

Y = (yl,...,yn)€‘ we set

n 1
)= ¢ I yj(s)dvj(s)
j:l 0



10

Now for i =1,,..,n let Yi be a point in ¢ with components

n

-l
Y = I ZF, .
i3 = = (B)Bkj(S)

Then equation (3) takes the form

(v,Yi) = o (i =1,...,n)

From this we see that v is constrained to lie on the intersection of

n hyperplanes in &*, whose gradients are from ¢&. The set of all such !
v 1is therefore a weak® closed linear manifold,

Now let & be normed as follows: || x| = sup »./é xi(t) . This
norm on & induces a norm on ¢&*, and we shallogzgil that for a linear
functional v of the form

1
{ryx) = E 2[; xi(s) ui(s)ds

the norm || v ll is precisely the integral (2).

In fact, by the Cauchy-Schwartz inequality for n-tuples, we have

IR v axd

sup
xef, |l x [[=1
1

su L x.(8)u,(s)ds
|IX7|=1J0‘ it ot

1
wp gﬁci(s) K w(s) as

Il x

1
f A/é ui(s) ds
0

tA

A
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On the other hand, we can take as a particular choice for x the

function of norm 1 whose components are

xi(s) = ui(s)/ u?(s)
1
Then | v || 2vx) = f Vé ui(s) ds.
0

If the scope of the problem is enlarged so that the controls are
differentials of functions of bounded variation then the existence of

optimal controls is guaranteed by the simple theorem of §14,

In the next theorems we are concerned with an abstract problem of
Tchebycheff approximation, Givenaset X in a linear topological space
E and a bounded functional A on X we seek an element feE* for
which the expression

o(£) = sup |£(x) - A(x)|
xeX

is an absolute minimum, If such an f exists, it is termed a 'best

Tchebycheff approximation to A This problem encompasses the familiar
'

problems of approximating functions by linear families of other functioms,

This will be mentioned again later, We begin with an existence theorem,

The notation [X] denotes the linear subspace spanned by a set X, The

convex hull of X, denoted by H(X) 1is the set of all finite linear

combinations I Oixi where xiex, Gi >0, T Oi = 1, The convex

closure of X is the closure of the convex hull, and is denoted by

&8(X). We mean by the relative interior of X its interior relative to

the least linear manifold containing X,

UGS Sy




§16, Existence Theorem for Tchebycheff Approximation, Let E

be a Banach space and X a subset of E, In order that each i I

bounded function on X possess a best Tchebycheff approximation

in E* it is sufficient that, in the relative topology of [X],

0 be interior to the convex closure of XU- X,

Proof, The space [X] is a normed linear space (possibly incomplete)
and [X]* is a Banach space, We begin by showing that the functional
¢ defined on [X]* by the equation o(f) = sup |£(x) - A(x)| achieves
its infimum, By the remark of §8, it suffice:ezo prove that each level
set of ¢ is bounded., Suppose ¢(f) < c, Then [f(x) - AM(x)| < ¢ for
all xeX, Thus |f(x)| < b for an appropriate b. This inequality

is valid also for xe - X, By linearity the inequality remains true for
xe H(XU- X), and by continuity for xe B(XU-X), Thus f is bounded
by b on a sphere, and +his makes f bounded by a constant independent
of f. Thus ¢ achieves its infimum on [X]*, say at fo’ By the
Hahn-Banach theorem, fo may be extended to an element of E* without
changing ¢(f°). On the other hand, any element of E* becomes an
element of [X]* when restricted to X, Hence fo (extended) solves

the minimization problem.l

§17, Characterization Theorem, Let X be a bounded subset of

a locally convex space E, and A a functional on X which
is bounded below, In order that a point focE‘ minimize the

expression ¢(f) = sup {£(x) - Am(x)} it is necessary and sufficient
xeX




13
that Oe¢ N ®X, , where X, = {xeX : £ (x) - Mx) 2 o(f)) - e].
¢>0
Proof, If O4 E(Xe) then by the separation theorem, there exists an
heE* such that inf h(x) = §> 0. Let ¢ be a positive number such

xcs(xe)
that - ch(x) < Se for all xeX, Then q;(fo-ch) < qp(fo). Indeed, for
xeX, we have f (x) - ch(x) - Mx) < @(f ) - cb, and for xeX~ X we

have £ (x) - ch(x) - Mx) < @lf) - e~ ch(x) < o(f) - e/2,

For the converse,A suppose that fo does not minimize ¢, Then there
is an heE* and an €¢>0 such that cp(fo - h) + 2¢ < cp(fo). let y be a
point of X . Then cp(fo) < fo(y) - A(x) + €, whence fo(y) - h(y) - A(y)
< (p(fo - h) < q;(fo) - 2¢ < fo(y) - Ax) -¢, Thus - h(y) <-€, and O

cannot lie in the convex closure of Xe.l

The analogous theorem for Tchebycheff approximation, in the real or

complex case may be stated as follows:

§18, Theorem. Let X be a bounded subset of a locally convex

820, ~0eorehl

space E over the real or complex field, and A a bounded
functional on X, A necessary and sufficient condition that an
element feE* shall minimize the expression o(f) = sup [£(x) - A(x) |
is that Oe goéxe, where Xe = {T(X) (%) : |r(x)| Zx:)}((f) - ¢} and
r=1°F-A, )

§12l Lemma, Let {An} be a decreasing sequence of compact sets

in a locally convex space, Then EﬂAn = ﬂiAn.

Proof, Put A = nAn. Since ﬂBAn is a closed convex set containing A,




N
it contains EA also,

For the reverse inclusion, note first that ®A is the intersection
of all closed half spaces containing A, It will therefore suffice to
prove that if a half space {x : f(x) < c} contains A then it contains
nBAn. Given e, there corresponds an m such that A {x : £f(x) <c + e}

Indeed in the contrary case, we could find a sequence X with the

property xneAnﬂ {x : f(x) 2 ¢ + ¢}, and any cluster point x of this

sequence would lie in A but not in {x : £(x) < c}. Thus the half space )
{x : £f(x) < ¢ + e} contains Am’ hence 5Am, and finally ﬂGAn. Since

this is true for every e, the proof is complete, This argument by R, T,

Rockafellar replaces our earlier and clumsy proof, l

T

§20, Theorem, Let X be a non-void compact set in a (possibly

complex) locally convex space E, and A a continuous functional

on X, In order that an element feE* shall minimize the

expression ¢(f) = sup |f(x) - A(x)| it is necessary and sufficient
xeX

that O lie in the convex closure of the set {r(x)ex : xeX,lr(x)I

= @(f)}, where r=1f - A,

Proof. 1., By §18, the necessary and sufficient condition on f is that

Oe N 5X€ where X = {r(x)ex ¢ |x(x)| + ¢ > o(£)}. Since A is contin-
e>0

uous, Xe is compact, By the lemma, 05}(6 =50Xe. But ﬂX. = Xo,.

Proof 2, A direct proof using the separation theorem is also possible,

Assume first that O‘EXO. Then q;(f) > 0, By the separation theorem,

there exists heE* such that a = inf R{h(x)] > 0, Let Z = [xeX :
xci(xo)
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|r(x)| > % o(f) and RIT(x) h(x)] > -]2‘ a}. Since Z is open in X, the
set Y =X~ 2 is compact, Consequently the supremum of Ir(y)l is
attained on Y, say at y. If p= lr(yo)l = @(f) then r(yo)-yoexo §
and yer, contradicting the choice of Yo Hence p < o(f), Now

let p=1+ max|h(x)| and let 0< @< % a/BZ. If =xeZ then

|r(x) - Oh(x)T§x= | r(x) |‘2 + Ozlh(x)l‘2 - 20 R[h(x) r(x)] < |r(x)|2 + 0232 -

6x < I:qJ(f)]2 -=a0, If 0<oO< B-lfcp(f) - p] then for xeY,

IN -

lr(x) - 6h(x)| Ir(x)| + o|h(x)| < p + OB < 9(£), Consequently for

some ©, o(f - 6h) < o(f),

For the converse, assume that @(f - h) < @(£). Then [(f - h)(x)- A(x)| <
|£(x) - AM(x)] for =xeS = {xeX : lr(x)]| = cp(f)}. Hence |(f - h)(x) - )\(x)]2 =
212 + [mx0)]? - R FD1 < [2(x)]%, and R .-TEI > 3 12,
Since h(x) does not vanish on S and since S is compact, R[h(x).r(x)]
is bounded away from O on S, and consequently, 0é E.Xo, This Theorem
was given in the real case in a research announcement,Bulletin of the Am,

Math, Soc. [68, (1962), 449-450]..

§21, Definition, The cone of a set Y consists of the origin

together with all the positive multiples of points in Y, Thus
in particular the cone of the void set is {O} The cone of Y

is denoted by £(Y),

§22, Lemma, In a linear topological space the cone of a closed

and bounded set not containing O is closed.
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Proof, Let Y be such a set and E the space, If &(Y) is not

closed then there is a point ueE ~¢&(¥) such that every neighborhood

of u meets &(Y), Then to each neighborhood @ of O there will
correspond u,e (u+a) N €(I)., We may write u, = )‘aya where )‘a >0
and yaeY. By passing to a subnet we may suppose that Aa converges,
possibly to +®, In the latter case, Ve~ O contradicting the
hypothesis NY. If xa - O then u, - O because 1 is bounded, Since
u £ O this possibility is ruled out also, Consequently, Aa - A with

0 <A < ®, Hence yuﬂu/}\. Since Y 1is closed u/)\eY, contradicting

wen . JJ

§2§l Lemma, Let Y be a closed and bounded convex set having
a closed cone in a locally convex space, and let X be a compact
convex set disjoint from the cone of Y, Then there exists a
continuous linear functional f such that
sup f(x) < O < inf £(y)
xeX yeY
Proof, By the ordinary separation theorem, there exists a continuous
linear functional h such that inf h(y) > O, Since &(I) is closed,

yeY
there exists a continuous linear functional g such that

sup g{x) < 0 < inf g(y)
xeX yeXY)

Now let O < A < inf [-g(£)] ¢ sup 1 + |h(x)|, and define f = g + Ah,
ZeX xeX
We have then for xeX, f(x) = g(x) + Ah(x) < g(x) + A[l + |h(x)|] < g(x) +

inf [-g(Z)] < 0. Since X is compact and f is continuous, sup f(x) <O,
LeX xeX
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On the other hand, inf f(y) = inf [g(y) + Ah(y)] > inf Ah(y) > 0.'
yeY yel yeY

§24, Existence Theorem, Let X and Y be subsets of a

normed linear space E, Let A and f be bounded functionals

on X and Y respectively. If, in the relative topology of

[XJY]), O is interior to the convex closure of XUY then the

functional (f) = sup [£(x) - AM(x)] achieves its

infimum on the set x§X= {feE* : sup [£f(y) - u(y)] < O},

yeY
Proof. We proceed as in §16. For any constant c¢ the set S of
fe[XYY]* for which sup [f(y) - w(y)] <0 and sup [f(x) - Mx)] < ¢
ye¥ xeX

is bounded, Indeed, if feS then because of the boundedness of A and
%, f(2) <k for some k and all =zeXUY, This inequality remains true
for ze®(XUY) and hence on a sphere about O, Thus S is bounded, By
familiar arguments, S is compact in the weak* topology of [XUY]*,

and ¢ 1is weak* lower semicontinuous, An element of [XUY]* which

minimizes ¢ may be extended by the Hahn-Banach theorem to E‘,I

Remark, It is only necessary to assume that for some XO C X and
Y <Y,y is bounded on Y , A is bounded on X , and O is in the
o o o

interior of S(XOUYO) relative to [XUY],

§25, Characterization Theorem for Convex Programming, Let E be

a locally convex space, X a bounded subset of E, and Y a
compact subset of E with o4d(Y). Let A be a functional on
X which is bounded below, Let 1 be a lower semicontinuous

functional on ¥, Put K = {feE* : f(y) < u(y) for all ye¥}
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and o@(f) = sup {f(x) - A(x) : xeX}. In order that a point
fo of K minimize ¢ on K it is necessary and sufficient
that for each € > 0, 6§(~Y°)OS(X¢) AW where Yo = {yeY :

fo(y) = w(y)} and X, = {xex : £ (x) - AMx) > cp(fo) - e},

Proof, (Sufficiency) Suppose that fo does not minimize ¢ on X, Then
for some heE*, f - heK and q)(fo - h) < cp(fo)_ Select ¢ > 0 such that
cp(fo - h) < cp(fo) - 2¢, For yeY  we have (fo - W(y) < u(y),

whence h(y) > O, This inequality persists if y ranges over 65(Yo), For
xeX, we have (fo - h)(x) - Mx) < cp(fo - h) < qp(fo) -2e< fo(x) - Ax) - e,
whence h(x) > e, This inequality persists if x ranges over E(xe), Thus

the sets 65(-YO) and §(Xe) are disjoint,

(Necessity) Suppose that the sets Cﬁ(-YO) and S(Xe) are disjoint
for some e > O, By §23, there exists an heE* and constants a and B

such that
h(y) <20 < 0 < B < h(x)

for all yeE(-YOU{O}) and all er(xe). Since XUY is bounded there
exists a number k such that |h(x)| <k for all xeXUY. Now let
T* = {yeY : n(y) > - a}. ¥* is then an open set in Y containing Yo’
Since Y ~ Y* is compact and contains no points of Yo’ the number
Y = max {fo(y) - 'P-()')}
yeY~Y*
is negative, Select a positive number t such that 2tk < max {e, - v},

We are going to show that fo - th is a point of K yielding a lower
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value of ¢ than cp(fo), For yeY* we have (fo- th)(y) - uw(y)

<0

Qﬂ“ IA

- th(y) < 0, For yeY~Y* we have (;t‘o - th)(y) - »(y) <y + tk <
Thus f - theK, For xeX ~we have (f - th)(x) - A(x) < @(f)) - th(x) <
¢(f)) - tB. TFor xeX-X we have (f - th)(x) - A(x) <@(f) - e - th(x) <

1
p(f) - ¢ + tk < o(£) - 3¢. Hence o(f - th) < cp(fo).l

Remark. The hypothesis O¢§®(Y) may be replaced by the hypothesis

that {R(Y) is closed.

§26, Corollary. If, in the above theorem, E is complete, X

is compact, and A is lower semicontinuous, then the necessary
and sufficient condition on f_ is that GR(-Y )N (X ) shall

be noa-void,

Proof, From the theorem, the necessary and sufficient condition on fo
is that for each € > O there exist a point v_ in c’g‘;(yo)nﬁ(xe).
Since §(Xe) is compact [2, page 81, corollaryl, the set {v¢ : ¢ > 0}
has a point of accumulation, v, Clearly ve N -ﬁxe, But by §19,

>0
ndx, =8nx -8 .|

§o7, Example, In the linear space C[0,1] we introduce the
norm || x|l = sup (t+1)|x(t)|, which is topologically equivalent to
t
the usual norm, Consider the problem of minimizing H f ” in the

conjugate space under the constraint f(I) =1 where I denotes the

function identically 1 on [0,1]., The theorem of §25 may be applied

to prove that a solution is given by fo(x) x(1)., To this end, let

X denote the unit sphere in C and let Y = {#I}, We set u(2I) = %1
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and A(x) = O, Then K= {f : £(I) =1} and p(f) = |l £]|. The set
I is {t1} and the set X, is {xeC : x(1) >1 - ¢}, since :

IeYoﬂYe, the condition of the theorem is met, and f = is a solution,

§28, Theorem, Let El and F.}2 be Banach spaces, Let X
be a subset of E such that Oeint (XU - X), Let A bea
bounded map of X into E*, Then A has a best Tchebycheff

approximation by an element of B(E,,E3).

Proof. Define the T-topology in B(El’EE) by saying that La -

L iff ¢y ,Lax) - {y,lx) for all xeE, and all yeE,. We are going to
show that the function cp(L) = sup HLx - Ax |l achieves its infimum in
B(El’EE)' It will suffice to sﬁzﬁ that ¢ is T-lower semicontinuous
and that each set Mc = {LeB(El,EE) (L) < c} is T-compact., That Mc
is T-closed is quite obvious, and thus ¢ 1is T-lower semicontinuous,
Now Mc is norm bounded because if Lt-:l‘/lc then || Ix - Ax II <c¢ for
all xeX whence || Ix| <c¢' for all xeX, This inequality remains
true for xeB(XU - X) and thus in a sphere about O, Thus lvll is
bounded by a number depending only on c, Since Mc is norm bounded
and T-closed, we may apply Corollary 3 of [2, chapter 4, page 65] to

conclude that Mc is T-compact.l

522, Lemma, Let E and F denote Banach spaces, Let X be
compact in E and Y compact in F, In order that there exist
a bounded linear transformation A : F - E* such that €x,AyD > O

for all xeX and yeY, it is necessary and sufficient that the
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convex closures of X and Y be disjoint from O,

Proof, If (x,Ay) > 0 for all xeX and yeY then by compactness,
x,Ay) > ¢ for some € > 0, This remains true for xeBX and

|
ye®Y, Consequently 0¢®X and 0 HY. i

Conversely, suppose O&EX and OésY. By the separation theorem,
there exists ueE* and veF* such that ¢{x,u) > 0 for all xeX and
{,) >0 for all yeY, Define A : F~ E* by putting {x,AyD = (u,x)&,y)
for arbitrary xeE and yeF, Clearly A is a bounded linear transformation

satisfying {x,Ay) > O for xeX and er.l

§30, Theorem., Let X be a compact set in a Banach space E

and & a continuous map of E into Hilbert space, In order

that a bounded linear operator A from E into the Hilbert

space shall minimize the expression A(4) = sui | ax - Px [l it
Xe

is necessary and sufficient that O 1lie in the convex closure

of Xo = {xex : || Ax - Px | = ACA)} or of {Ax - X :xexo],

Proof, Put Rx = Ax - @x, If A(A) is not a minimum then for some linear
operator B, A(A-B) < A(A)., Thus for xexo, | Ax - @x - Bx [12 < |l Ax - ox ”2
whence - 2(Rx,Bx) + || Bx ||2 <0 and (Rx,Bx) > 0, By the lemma, O is

disjoint from the convex closures of the point sets {Rx : xexo} and Xo

.

For the converse, suppose that O is disjoint from the convex
closures of the sets {Rx : xeXo} and Xo' By the lemma, there exists a

linear operator B such that (Rx,Bx) > O for all xexo, Since Xo is

compact, the number e; = min(Rx,Bx) is positive, Put e, = max Il Bx
xcxo xeX
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. 1 1 R .
Define - X, = {xex : (Bx,Rx) > 3¢ | Rx || > EA(A)}‘ Xl is open in X
and contains Xo. Consequently X ~ Xl is a compact set containing no
points of Xb, Consequently IleII has a maximum, e, on X ~ Xl such
A—(é)—_—e_ . We are

2¢2

going to prove A(A - AB) < A(A), TFor xeX we have [I(A - AB)x - ox H2=

that e < A(A), Let O< A < el/ei and O0< A<

e
+ 2% < lIRe 1%+ reS(r-D),
€2

IR 1% - an(Re,Bx) + AMBx1® < llRel|® - A6y

For xeX~X; we have A - AB)x - ox || < |[Rxll + AllBx || < & + Ae, <

e + 30AMA) - o1 < A,

In the next theorem we consider the problem of non-linear Tchebycheff
approximation in an abstract setting, Let E be a reflexive Banach space
over the real field, and 1let T be a compactum, Let f be a map of
EXT to the field, continuous in x and t separately, We assume that
f has a Frechet derivative f' with respect to the first variable x,
that {f'(x,t) : tcT] is equicontinuous and that f' is continuous in t,
The points =xe€E for which the expression

A(x) = sup |f(x,t)]
teT
is (locally) a minimum are partially characterized by the following

theorem. Set Tx = {teT : |£(x,t)| = A(x)].

§31. Theorem, If a point x¢E is a local minimum point of A
then the origin of E* 1lies in the convex closure of the set

{£(x,0) 8 (x,8) = tel },

Proof, Suppose that O is not in the convex closure of the cited set,
By the separation theorem there exists 2zeE** = E such that

£(x,t){z,£'(x,t)D > 0 for all teT_. With no loss of generality we may
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assume that ||z || = 1. Since T, is compact, there is an € >0
less than all the numbers f(x,t){z,f'(x,t)) for teT . By the
continuity properties of f and f' we may find a & > O such that

for all “§||< 6, the following two conditions are satisfied:
Her(x + 2, ¢) - £'(x,t)ll < %e (teT)
2£(x,t)z,£'(x + Z,t)) > ¢ (teT )

Now let T, = {teT : |£(x,t)| > %A(x) and f(x,t)z,f'(x,t)) > e}. Clearly

T1 is an open set containing Tx' Thus T2 =T~T, is a compact set

1

containing no points of Tx‘ Consequently, the number p = sup |f(x,t)]| is
teT
less than A(x), Select A in accordance with the inequalitie§

(1) 0<A<b®

(2) AQ < A(x) - p where Q = < + sup |£'(x,t)|

¢
2 teT

(3 AQZ <e.,

We are going to prove that A(x - Az) < A(x). For teT, we have
|}(x - xz,t)l2 = [£(x,t) - Az, ' (x - oxz,t))l2 = |2(x, )% -
Af(x,t)z,f' (x - OAz,t)) + le(z,f'(x - exz,t))l2 < 8%(x) - 2he +
XZQZ < A%(x) + A[-2¢ + ¢], On the other hand, for teT, we have

[ £(x = Az,t)| < [£(x,t) | + Az, £'(x - QAz,t))| <p + AQ<p + A(x) -p =

Alx), l

Remark, For this theorem the function f may be defined on S X T

(where S is an open subset of E) instead of on E X T,
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